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We generate a crystal of skyrmions in two dimensions using a Heisenberg Hamiltonian including
the ferromagnetic interaction J , the Dzyaloshinskii-Moriya interaction D, and an applied magnetic
field H . The ground state (GS) is determined by minimizing the interaction energy. We show that
the GS is a skyrmion crystal in a region of (D,H). The stability of this skyrmion crystalline phase at
finite temperatures is shown by a study of the time-dependence of the order parameter using Monte
Carlo simulations. We observe that the relaxation is very slow and follows a stretched exponential
law. The skyrmion crystal phase is shown to undergo a transition to the paramagnetic state at a
finite temperature.
PACS numbers: 75.25.-j ; 75.30.Ds ; 75.70.-i :
I. INTRODUCTION
Skyrmions have been extensively investigated in con-
densed matter physics [1] since its theoretical formulation
by T. H. R. Skyrme [2] in the context of nuclear matter.
There are several mechanisms and interactions lead-
ing to the appearance of skyrmions in various kinds
of matter. The most popular one is certainly the
Dzyaloshinskii-Moriya (DM) interaction which was ini-
tially proposed to explain the weak ferromagnetism ob-
served in antiferromagnetic Mn compounds. The phe-
nomenological Landau-Ginzburg model introduced by
I. Dzyaloshinskii [3] was microscopically derived by T.
Moriya [4]. This demonstration shows that the DM inter-
action comes from the second-order perturbation of the
exchange interaction between two spins which is not zero
only under some geometrical conditions of non-magnetic
atoms found between them. The order of magnitude
of DM interaction, D, is therefore, perturbation theory
obliges, very small. The explicit form of the DM interac-
tion will be given in the next section. However, in many
recent papers using the DM interaction, the assumption
of small D is not always respected. Therefore, we can
think that the demonstration of Moriya [4] is a special
case and the general Hamiltonian may have the same
form but different microscopic origin. This is similar the
case of the Hubbard model which was initially originated
from a second-order perturbation of exchange interac-
tion, but it has been used with liberty for arbitrary ratio
t/U . This is also the case of the Ising model if we think
of it as a limiting case of the Heisenberg model.
The DM interaction has been shown to generate
skyrmions in various kinds of crystals. For exam-
ple, it can generate a crystal of skyrmions in which
skyrmions arrange themselves in a periodic structure [5–
8]. Skyrmions have been shown to exist in crystal liq-
uids [9–11] as well as quantum Hall systems. A sin-
gle skyrmion has also been found. Effects of skyrmions
have been investigated in thin films [12, 13]. Artifi-
cial skyrmion lattices have been devised for room tem-
peratures [14]. Experimental observations of skyrmion
lattices have been realized in MnSi in 2009 [15, 17]
and in doped semiconductors in 2010 [18] . Needless
to say, many potential applications using properties of
skyrmions are expected in the years to come. At this
stage, it should be noted that skyrmion crystals can also
be created by competing exchange interactions without
DM interactions [19, 20]. So, mechanisms for creating
skyrmions are multiple.
We note that spin-wave excitations in systems with a
DM interaction in the helical phase without skyrmions
have been investigated by many authors [21–26].
In this paper, we study a skyrmion crystal created by
the competition between the nearest-neighbor (NN) fer-
romagnetic interaction J and the DM interaction of mag-
nitude D under an applied magnetic field ~H . We show by
Monte Carlo (MC) simulation that the skyrmion crystal
is stable at finite temperatures up to a transition temper-
ature Tc where the topological structure of each skyrmion
and the periodic structure of skyrmions are destroyed.
The paper is organized as follows. Section II is de-
voted to the description of the model and the method to
determine the ground state (GS). It is shown that our
model generates a skyrmion crystal with a perfect peri-
odicity at temperature T = 0. The GS phase diagram in
the space (D,H) is presented. Results showing the sta-
bility of the skyrmion crystal at finite T obtained from
MC simulations are shown in section III. We show in this
section that the relaxation of the skyrmions is very slow
and follows a stretched exponential law. The stability of
the skyrmion phase is destroyed at a phase transition to
the paramagnetic state. Concluding remarks are given in
2section IV.
II. MODEL AND GROUND STATE
The DM interaction between two spins Si and Sj is
written as
Di,j · Si ∧ Sj (1)
where Di,j is a vector which results from the displace-
ment of non magnetic ions located between Si and Sj ,
for example in Mn-O-Mn bonds in the historical papers
[3, 4]. The direction of Di,j depends on the symmetry of
the displacement [4]. For two spins, the DM interaction
is antisymmetric with respect to the inversion symmetry.
Theoretical and experimental investigations on the ef-
fect of the DM interaction in various materials have been
extensively carried out in the context of weak ferromag-
netism observed in perovskite compounds (see references
cited in Refs. 27 and 28). As said in the Introduction,
the interest in the DM interaction goes beyond the weak
ferromagnetism and the model is used beyond the pertur-
bation limit. It has been shown that the DM interaction
is at the origin of topological skyrmions [13, 15, 18, 29–
37] and new kinds of magnetic domain walls [38, 39]. The
increasing interest in skyrmions results from the fact that
skyrmions may play an important role in the electronic
transport which is at the heart of technological applica-
tion devices [1].
In this paper, we consider for simplicity the two-
dimensional case where the spins are on a square lattice
in the xy plane. We are interested in the stability of the
skyrmion crystal generated in a system of spins interact-
ing with each other via a DM interaction and a symmetric
isotropic Heisenberg exchange interaction in an applied
field perpendicular to the xy plane. All interactions are
limited to NN. The full Hamiltonian is given by
H = −J
∑
〈ij〉
~Si. ~Sj +D
∑
i
−→
Si ∧ (
−→
S i+x.x̂+
−→
S i+y.ŷ)
−H
∑
i
Szi (2)
where the DM interaction and the exchange interac-
tion are taken between NN on both x and y directions.
Rewriting it it in a convenient form, we have
H = −J
∑
〈ij〉
~Si. ~Sj +D
∑
i
[Syi S
z
i+x − S
z
i S
y
i+x − S
x
i S
z
i+y
+Szi S
x
i+y]−H
∑
i
Szi
= −J
∑
〈ij〉
~Si. ~Sj +D
∑
i
[Syi (S
z
i+x − S
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i−x)
−Szi (S
y
i+x − S
y
i−x)− S
x
i (S
z
i+y − S
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+Szi (S
x
i+y − S
x
i−y)]−H
∑
i
Szi (3)
For the i-th spin, one has
Hi = −S
x
i H
x
i − S
y
iH
y
i − S
z
iH
z
i y
where the local-field components are given by
Hxi = J
∑
NN
Sxj +D(S
z
i+y − S
z
i−y)
Hyi = J
∑
NN
Syj −D(S
z
i+x − S
z
i−x)
Hzi z = J
∑
NN
Szj +D(S
y
i+x − S
y
i−x)−D(S
x
i+y − S
x
i−y) +H
To determine the ground state (GS), we minimize
the energy of each spin, one after another. This can
be numerically achieved as the following. At each
spin, we calculate its local-field components acting on
it from its NN using the above equations. Next we
align the spin in its local field, i. e. taking Sxi =
Hxi /
√
Hxi ∗ ∗2 +H
y
i ∗ ∗2 +H
z
i ∗ ∗2 etc. The denomina-
tor is the modulus of the local field. In doing so, the spin
modulus is normalized to be 1. As seen from Eq. (4), the
energy of the spin ~Si is minimum. We take another spin
and repeat the same procedure until all spins are visited.
This achieves one iteration. We have to do a sufficient
number of iterations until the system energy converges.
For the skyrmion case, it takes about one thousand iter-
ations to have the fifth-digit convergence.
An example of GS are shown in Fig. 1: a crystal of
skyrmions is seen using D = 1 and H = 0.5 (in unit of
J = 1).
In Fig. 2a we show a GS at H = 0 where do-
mains of long and round islands of up spins separated
by labyrinths of down spins are mixed. When H is in-
creased, vortices begin to appear. The GS is a mixing of
long islands of up spins and vortices as seen in Fig. 2b
obtained with D = 1 and H = 0.25. This phase can be
called ”labyrinth phase” or ”stripe phase”.
It is interesting to note that skyrmion crystals with
texture similar to those shown in Figs. 1 and 2 have
been experimentally observed in various materials [13–
16], but the most similar skyrmion crystal was observed
in two-dimensional Fe(0.5)Co(0.5)Si by Yu et al. using
Lorentz transmission electron microscopy [18].
We have performed the GS calculation taking many
values in the plane (D,H). The phase diagram is estab-
lished in Fig. 3. Above the blue line is the field-induced
ferromagnetic phase. Below the red line is the labyrinth
phase with a mixing of skyrmions and rectangular do-
mains. The skyrmion crystal phase is found in a narrow
region between these two lines.
In the following section, we are interested in the sta-
bility of the skyrmion crystal phase as the temperature
(T ) is increased from zero.
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FIG. 1. Ground state forD/J = 1 andH/J = 0.5, a crystal of
skyrmions is observed. Top: Skyrmion crystal viewed in the
xy plane, Middle: a 3D view, Bottom: zoom of the structure
of a single vortex. The value of Sz is indicated on the color
scale. See text for comments.
III. STABILITY OF SKYRMION CRYSTAL AT
FINITE TEMPERATURES
In this section, we show results obtained from MC sim-
ulations on a sheet of square lattice of size N × N with
periodic boundary conditions. The first step is to deter-
mine the GS spin configuration by minimizing the spin
energy by iteration as described above. Using this GS
configuration, we heat the system from T = 0 to a tem-
perature T during an equilibrating time t0 before aver-
aging physical quantities over the next 106 MC steps per
spin. The time t0 is the ”waiting time” during which the
system relaxes before we perform averaging during the
next ta.
The definition of an order parameter for a skyrmion
crystal is not obvious. Taking advantage of the fact that
we know the GS, we define the order parameter as the
projection of an actual spin configuration at a given T
on its GS and we take the time average. This order pa-
rameter is thus defined as
M(T ) =
1
N2(ta − t0)
∑
i
|
ta∑
t=t0
~Si(T, t) · S
0
i (T = 0)| (4)
where ~Si(T, t) is the i-th spin at the time t, at temper-
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FIG. 2. Top: Ground state for D/J = 1 and H/J = 0, a mix-
ing of domains of long and round islands, Bottom: Ground
state for D/J = 1 and H/J = 0.25, a mixing of domains
of long islands and vortices. We call these structure the
”labyrinth phase”.
FIG. 3. Phase diagram in the (D,H) plane for size N = 100.
ature T , and ~Si(T = 0) is its state in the GS. The or-
der parameter M(T ) is close to 1 at very low T where
each spin is only weakly deviated from its state in the
GS. M(T ) is zero when every spin strongly fluctuates in
the paramagnetic state. The above definition of M(T )
is similar to the Edward-Anderson order parameter used
to measure the degree of freezing in spin glasses [40]: we
follow each spin with time evolving and take the spatial
average at the end.
We show in Fig. 4 the order parameter M versus T
(red data points) as well as the average z spin component
(blue data points) calculated by the projection procedure
for the total time t = 105 + 106 MC steps per spin. As
seen, both two curves indicate a phase transition at Tc ≃
0.26J/kB. The fact that M does not vanish above Tc is
4due to the effect of the applied field. It should be said
that each skyrmion has a center with spins of negative z
components (the most negative at the center), the spins
turn progressively to positive z components while going
away from the center.
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FIG. 4. Red circles: order parameter defined in Eq. (4) versus
T , for H = 0.5 and N = 1800, averaged during ta = 10
5 MC
steps per spin after an equilibrating time t0 = 10
5 MC steps.
Blue crosses: the projection of the Sz on S
0
z
of the ground
state as defined in Eq. (4) but for the z components only.
See text for comments.
We can also define another order parameter: since
the field acts on the z direction, in the GS and in the
skyrmion crystalline phase we have both positive and
negative Sz. In the paramagnetic state, the negative
Sz will turn to the field direction. We define thus the
following parameters using the z spin-components
Q+(T ) =
1
N2(ta − t0)
∑
Sz
i
>0
ta∑
t0
Szi (T, t) (5)
Q−(T ) =
1
N2(ta − t0)
∑
Sz
i
<0
ta∑
t0
Szi (T, t) (6)
Figure 5 shows Q+ and Q− versus T . As seen, at the
transition Q+ undergoes a change of curvature and Q−
becomes zero. All spins have positive Sz after the tran-
sition due to spin reversal by the field.
The results obtained at the end of the simulation may
depend on the overall time t = t0 + ta. In simple sys-
tems, the choices of t0 and ta can be guided by testing
the time-dependence of physical quantities, and the val-
ues of t0 and ta are chosen when physical quantities do
not depend on these run times. However, in disordered
systems such as spin glasses and in complicated systems
such as frustrated systems, the relaxation time is very
long and out of the reach of simulation time. In such
cases, we have to recourse to some scaling relations in
order to deduce the values of physical quantities at equi-
librium [41, 42]. We show below how to obtain the value
of an order parameter at the infinite time.
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FIG. 5. Order parameters defined in Eqs. (5)-(6) versus T , for
H = 0.5 and N = 800, t0 = 10
5, ta = 10
6. Red circles: total
positive z component (Q+(T )). Green circles: total negative
z component Q
−
(T ). Blue circles: total z component. See
text for comments.
In order to detect the dependence ofM(T ) on the total
MC time t = t0 + ta, we calculate the average of M(T )
over 106 MC steps per spin, after a waiting time t0 as
said above. We record the values of M(T ) in different
runs with t0 varying from 10
4 to 106 MC steps per spin.
We plot these results as a function of different total time
t in Fig. 6 for three temperatures. As said above, to find
the value extrapolated at the infinite time, we use the
stretched exponential relaxation defined by
M(T, t) = A exp [−(t/τ)α] + c, (7)
where t is the total simulation time, α is the stretched
exponent, A a temperature-dependent constant, and τ
the relaxation time. Note that this definition, without
the constant c, has been used by many previous authors
in the context of spin glasses [43–47]. We have introduced
c which is the infinite-time limit ofM(T ). We have taken
t from 104 to 106 MC steps per spin in the simulation. At
the infinite-time limit, c is zero for T ≫ Tc, and c 6= 0 for
T < Tc. Figure 6 shows M(T, t) as a function of time t
in unit of 103 MC steps per spin, for three temperatures
T = 0.01, 0.094 and 0.17. As seen, the fit with Eq.
(7) presented by the continuous line is very good for the
whole range of t.
Several remarks are in order:
(i) the precision of all parameters are between 1% to
5% depending on the parameter,
(ii) the value of α can vary a little bit according to the
choice and the precision of the other parameters in the
fitting but this variation is within a very small window
of values around the value given above. For example, at
T = 0.17, α can only be in the interval [0.8± 0.02]. The
value of α can vary with temperature as seen here: at
low T , α = 0.6, and at a higher T , we have α = 0.8. This
variation has been seen in other systems, in particular in
spin glasses [48].
(iii) the relaxation time, within statistical errors, is ap-
proximatively constant at low T , but it increases rapidly
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FIG. 6. The order parameterM defined by Eq. (4) versus MC
time t in unit of 1000 MC steps per spin, for H = 0.5 and N =
800 (a) T = 0.01, values of fitting parameters α = 0.6, A =
0.008±0.00001, τ = (364±19)103 , c = 0.984505±0.00012; (b)
T = 0.094, α = 0.6, A = 0.0653 ± 0.0013, τ = (277 ± 36)103,
c = 0.822 ± 0.018); (c) T = 0.17, α = 0.8, A = 0.31 ± 0.01,
τ = 891± 100)103, c = 0.43± 0.017.
when T tends to Tc as seen in the value of τ at T = 0.17.
This increase is a consequence of the so-called ”critical
slowing-down” when the system enters the critical region.
Let us show M(T ) as a function of T in Fig. 7 using
the results of different run times from t = 104 + 106 MC
steps per spin to t = 106 + 106. The values of at infinite
time for each T deduced from Eq. (7) is also shown. We
see that while the total time 105 + 106 MC steps per
spin is sufficient at low T , it is not enough at higher T .
That was the reason why we should use Eq. (7) to find
the value of M(T ) at infinite time to be sure that the
skyrmion crystal is stable at finite temperatures.
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FIG. 7. The order parameter M(T ) versus T for several wait-
ing times t, for H = 0.5 and N = 800: from above t = 105,
2× 105, 106, ∞ (by fitting with Eq. (7).
We have studied finite-size effects on the phase tran-
sition at Tc and we have seen that from N = 800, all
curves coincide: there is no observable finite size effects
for N ≥ 800. The present 2D skyrmion lattice phase
therefore remains stable for the infinite dimension, un-
like the ferromagnetic Heisenberg model in 2D [49]. Note
that the nature of the ordering at low T and the phase
transition observed here, in spite of the vortex nature of
skyrmions, are not those of the Kosterlitz-Thouless vor-
tex mechanism observed in ferromagnetic XY spin sys-
tems [50] since our ”vortices” are stable without changing
their position up to the transition temperature.
IV. CONCLUDING REMARKS
In this paper, we have shown that the competition be-
tween a ferromagnetic interaction J and a Dzyaloshinskii-
Moriya interaction D under an applied magnetic field H
in two dimensions generate a skyrmion crystal in a re-
gion of the phase space (D,H). The spin model is the
classical Heisenberg model. We have numerically deter-
mined the ground state by minimizing the local energy,
spin by spin, using an iteration procedure. The skyrmion
lattice is then heated to a finite temperature by the use
of Monte Carlo simulations. We have shown that the
skyrmion lattice is stable up to a finite temperature Tc
beyond which the system becomes disordered. We have
also shown that the relaxation follows a stretched ex-
ponential law. We believe that such a stability can be
experimentally observed in real systems.
Perhaps, our model is the simplest model able to gener-
ate a skyrmion crystal without the need to include more
complicated interactions such as long-range dipolar inter-
actions, easy and uniaxial anisotropies [8, 16, 37]. Note
6that other authors have shown that skyrmion crystals
can also be generated only with frustrated short-range
interactions without even the DM interaction [19, 20].
So, we have to keep in mind that there are many inter-
action mechanisms of different nature which can gener-
ate skyrmion crystals. The origin of a skyrmion crystal
determines its structure, its stability, its dynamics and
in short its properties (see a discussion on this point in
[16]). Experiments can be used therefore to determine
the interaction mechanism which is at the origin of the
formation of a skyrmion crystal.
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